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A sophisticated method was developed for evaluating simultaneously and accurately both the average specific resistance
and average porosity of the filter cake formed in unstirred dead-end ultrafiltration of nanocolloids such as protein solu-
tion and nanosilica sol. In the method, a step-up pressure filtration test was conducted by using a filter with a single-
stage reduction in the effective filtration area. The influence of the pressure drop across the cake on not only the aver-
age specific cake resistance but also on the average cake porosity of highly compressible filter cake was evaluated using
only flux decline data in one dead-end filtration test, taking advantage of the decrease in the cake thickness caused by
the pressure increase. As a result, the cake properties were easily determined for a variety of nanocolloids. Constant
pressure dead-end ultrafiltration data obtained under various pressures and concentrations were well evaluated based
on the method proposed. VC 2015 American Institute of Chemical Engineers AIChE J, 61: 4426–4436, 2015
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Introduction

The filtration process of protein solutions and nanocolloids

using ultrafiltration membranes plays an increasingly impor-
tant and indispensable role in widely diversified fields ranging

from industry to environmental protection. In membrane filtra-
tion, membrane fouling is a critical problem leading to the
degradation of ultrafiltration performance and causes a dra-

matic flux decline during the process due to a significant
increase in the filtration resistance. There exist several factors

affecting membrane fouling, for example, cake formation,1–8

pore blocking and/or pore constriction,9,10 solute adsorp-

tion,11,12 and concentration polarization.13,14 Among them, the
impact of the filter cake on the flux decline behavior in ultrafil-
tration is still not fully understood in spite of its importance.

The average specific cake resistance aav is one of the most
important factors influencing cake properties and is a measure

of the filterability. The average cake porosity eav is also a
highly important factor which is closely related to the cake
structure, and it has a profound influence on the filterability.

Therefore, it is just as essential to evaluate both aav and eav of
the filter cake formed on the membrane surface from dead-end

filtration tests also for ultrafiltration3,15–18 as it is for tradi-
tional cake filtration of particulate suspension.19–22 Especially,

an understanding of pressure dependences of aav and eav of the
highly compressible filter cake serves as a basis for the

operation control of ultrafilter equipment. The dependences of

aav and eav on the pressure drop Dpc across the cake obtained

from the filtration data are closely related to the compression-

permeability data representing the local specific cake resist-

ance a and local cake porosity e as functions of the solute com-

pressive pressure ps, leading to the understanding of the

internal structure of the filter cake.3,23–31 Among them, Iritani

et al.3 developed the method for evaluating the internal cake

structure based on pressure dependences of aav and eav

obtained from filtration data. More recently, Bouchoux et al.31

evaluated the concentration dependence of the permeability,

which is closely related the average specific cake resistance,

from the filtration data when the concentration dependence of

the osmotic pressure is known from the osmotic pressure

measurements.
The value of aav corresponding to the applied filtration pres-

sure p can be obtained based on the compressible cake filtra-

tion model32–35 from the variation of filtration rate with time

measured in a constant pressure filtration experiment. In typi-

cal constant pressure filtration, the pressure drop Dpc across

the cake is nearly identical to the applied pressure p through-

out the period of filtration since the filter medium resistance is

generally negligible compared to the cake resistance. Accord-

ingly, the relation between aav and Dpc can be basically deter-

mined from several constant pressure filtration experiments

accomplished under different applied pressure conditions.
This relation can be obtained from monitoring the pressure

rising behaviors with time by conducting a constant rate filtra-

tion experiment in which the filtration rate is maintained
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constant.36 Not only aav but also eav (i.e., the ratio m of the
mass of wet to mass of dry cake) vary with the increase in the
applied pressure with time in the case of the compressible fil-
ter cake deposited during constant rate filtration. However, in
this case, approximate data analysis is generally performed by
ignoring the variation of eav with Dpc. When the time varia-
tions of the applied filtration pressure and filtration rate can be
measured, the pressure dependence of aav is evaluated also
from a variable pressure filtration experiment in which both
pressure and filtration rate are time dependent.37 Step-up pres-
sure filtration38 in which the applied pressure is increased
incrementally is considered as a type of variable pressure fil-
tration, but it can also offer information about the pressure
dependence of aav more easily than normal variable pressure
filtration.

In the single constant pressure filtration method developed
recently,39,40 the relation between aav and Dpc can be eval-
uated only from the flux decline data in a single filtration
experiment by using a filter medium with an extremely high
hydraulic resistance compared to the cake resistance even in
the initial observable period of filtration. To acquire the data
over a much wider range of pressures, the single step-up pres-
sure filtration experiment was conducted by increasing the
pressure in stages during the course of filtration.41

It is essential to obtain the average cake porosity eav as a
function of the pressure drop Dpc across the cake to evaluate a
more accurate aav and to comprehend the structure of com-
pressible filter cake formed on the membrane surface during
filtration. While eav is exclusively determined by directly
weighing the filter cake before and after the cake dries, visual
determination of the end of filtration often leads to erroneous
values because of the indistinct interface between the cake sur-
face and the slurry. The cake porosity can be evaluated by
measuring the distributions of hydraulic pressure and electrical
resistance within the filter cake.42,43

The cake porosity can be relatively easily evaluated based
on an abrupt decrease in the flux occurring by using a filter
causing a sudden reduction in the cake surface area in the
course of filtration.44,45 The method is successfully applied not
only to filtration of particulate suspension44,45 but also to ultra-
filtration of protein solution in which it is quite difficult to
measure the cake porosity eav.3,46 While several constant pres-
sure filtration experiments are required to obtain the relation
between eav and Dpc, the measurement of hydraulic pressure
distribution within the filter cake in a step-up pressure filtra-
tion experiment allows us to evaluate the pressure dependence
of eav.38 However, the measurement of the hydraulic pressure
is quite laborious and requires much skill. As an alternative, a
filter in which the filtration area decreases with the distance
from the filter medium in stages is employed in a step-up pres-
sure filtration experiment to readily evaluate the relationship
of eav to Dpc.

47 But, a sudden reduction in the cake surface
area promotes the unfavorable consolidation of the preformed
filter cake when the cake is highly compressible.

In the previous paper,48 a method has been developed for

evaluating both aav and eav as functions of Dpc from only two

dead-end ultrafiltration experiments using a filter with a reduc-

tion in the filtration area. Although the method is quite effec-

tive in determining the cake properties, two data points of eav

vs. Dpc are insufficient to obtain the accurate relation between

eav and Dpc. To our knowledge a filtration testing method

remains to be developed for simultaneously and easily obtain-

ing the data of aav and eav vs. Dpc from only one experiment

despite a large number of filtration studies.
In this article, a method is developed for more rigorously

evaluating both the average specific resistance aav and average

porosity eav of highly compressible filter cake formed on the

membrane surface in dead-end ultrafiltration of nanocolloids

over a wide range of pressures Dpc from only one experiment.

The method is based on step-up pressure filtration using a filter

with a single-stage reduction in the filtration area. After the

cake surface reaches the position where the filtration area is

reduced, the cake thickness decreases due to the compressibil-

ity of filter cake by a sudden increase in the applied filtration

pressure. Consequently, a sudden reduction effect in the filtra-

tion area is available more than once by conducting step-up

pressure filtration. The relation between aav and Dpc can be

evaluated from a gradual decline behavior in the flux during

each constant pressure filtration period before the cake surface

reaches the position where the filtration area is reduced. The

relation between eav and Dpc can be determined from an abrupt

decline in the flux occurring when the cake surface reaches the

position where the filtration area is reduced at each applied fil-

tration pressure. The availability of the method developed is

confirmed by applying it to a variety of nanocolloids and by

examining the effect of the solution environment such as pH

and salt concentration and the colloid concentration.

Experimental

Materials

The proteins employed in the experiments were bovine

serum albumin (BSA) (Fraction V, Sigma-Aldrich Japan),

lysozyme from chicken egg white (Sigma-Aldrich Japan),

myoglobin from horse heart (Sigma-Aldrich Japan), hemoglo-

bin from bovine blood (Sigma-Aldrich), and c-globulin from

bovine plasma (Sigma-Aldrich). Table 1 lists the properties of

these proteins such as the molecular weight, the isoelectric

point (pI), and the partial specific volume of solute, which is

considered to be equal to the reciprocal of the density of sol-

ute.41,46,49–52 The solutions of silica sol (Snowtex (ST), Nissan

Chemical Industries) with four different mean particle sizes

were also used in the experiments. The mean specific surface

area sizes ds of ST-XS, ST-20, ST-20L, and ST-ZL were cal-

culated from the particle-size distributions measured by a

dynamic light scattering (DLS) photometer (DLS-8000,

Otsuka Electronics), and they were 4.8, 13.3, 55.3, and

99.7 nm, respectively. The densities qs of the particles were

2270, 2200, 2240, and 2230 kg/m3, respectively.
Dilute aqueous solutions were prepared by dispersing pre-

weighed quantities of the powder or solutions in ultrapure,

deionized water (resistivity of at least 18 MX cm) produced

by purifying tap water through ultrapure water systems

equipped both with Elix-UV20 and with Milli-Q Advantage

(Bio-POD) for laboratory use (Millipore). In the preparation

of protein solutions, the solution pH was adjusted to a desired

value according to protein by adding a small amount of 0.1 M

Table 1. Properties of Selected Proteins

Protein
Molecular

Weight (kDa)
Isoelectric

Point
Partial Specific
Volume (cm3/g)

BSA 67 5.1 0.733
Lysozyme 14.3 11.0 0.726
Myoglobin 17.8 7.0 0.741
Hemoglobin 64.5 6.8 0.746
c-Globulin 159 5.86–6.70 0.730
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NaOH or HCl solutions. But, in the case of c-globulin, the
solution pH was adjusted by using 10 mM phosphate buffer
solution to prevent protein precipitation. In some experiments
the ionic strength of BSA solution varied by adding NaCl
(NaCl concentrations Cs 5 100 and 200 mol/m3). The concen-
trations by weight fraction of the protein and silica sol were
adjusted to 0.005 and 0.01, respectively. In some experiments,
the solutions of ST-XS were prepared at the different concen-
trations ranging from 0.01 to 0.1.

Experimental apparatus and technique

The experiments were conducted in the dead-end filtration
mode by using an unstirred batch filtration cell with an effec-
tive area of 24.63 cm2, which was exactly the same as the one
used in the previous study.48 The filter was structurally
designed by equipping the orifice structure at the distance h of
0.43 mm from the membrane surface, as illustrated in Figure
1a, so that the average cake porosity eav was evaluated only
from the flux decline behaviors. Consequently, once the cake
surface grows to the position of the orifice, the effective filtra-
tion area is abruptly reduced from the original value
(24.63 cm2) to 4.65 cm2 as shown in the figure.

In the step-up pressure filtration proposed in this research,
the pressure was sequentially increased as shown in Figure 1b
by adjusting the applied filtration pressure p automatically
using by a computer-driven electronic pressure regulator with
the application of compressed gas, where h is the filtration
time and Dpm is the liquid pressure drop across the membrane.
Initially, constant pressure filtration started at the pressure p1.
Once the cake surface reached the orifice, the surface area of
the filter cake was substantially decreased to 4.65 cm2. Shortly
afterward, the pressure was jumped straight to p2 and constant
pressure filtration was continued at that pressure. The moment
the pressure was increased, the cake thickness decreased due
to the cake compression arising from the increase in the pres-
sure drop Dpc across the cake. As a result, the cake recovered

the original surface area of 24.63 cm2. However, as filtration
progressed, the cake surface reached the orifice once again

and thus the cake surface area was substantially reduced. In a

similar way, the pressure was sequentially increased to p4

through p3, as shown in Figure 1b, and step-up pressure filtra-

tion was conducted. As a consequence, the phenomenon of
sudden decrease in the filtration area was available more than

once. Asymmetric regenerated cellulose ultrafiltration mem-

branes (Millipore) with nominal molecular weight cut-offs of

1, 3, and 10 kDa were employed depending on the solute size
to ensure the complete rejection of solutes.

The filtrate was accumulated in a reservoir placed on an
electronic balance (Shimadzu) connected to a personal com-

puter to collect and record filtrate mass vs. filtration time data

during a filtration run. The weights were converted to volumes

with the use of density correlations to obtain the variation with
time of the cumulative filtrate volume v per unit effective

membrane area and thus the dependences of the filtration rate

(dv/dh) on v and h.
To confirm the validity and availability of the step-up pres-

sure filtration tests developed in this research, several constant

pressure dead-end filtration experiments of BSA solution were
conducted under various pressures by using the same filter and

membrane as that used in step-up pressure filtration tests. In

addition, several constant pressure filtration experiments of

nanosilica sol were carried out under various pressures and
concentrations.

Results and Discussion

Time variation of filtration rate

A method has been developed for determining the depend-

ence of the average specific cake resistance aav and average
cake porosity eav on the effective pressure drop Dpc across the

filter cake only from the measurement of the time variation of

the filtration rate measured in just one filtration test. Figure 2

Figure 1. Mechanism of filtration process developed in this research.

(a) Schematic diagram representing growth of filter cake and (b) schematic diagram representing the relation between applied fil-

tration pressure and filtration time.
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illustrates the time variation of the filtration rate plotted in the
form of the reciprocal filtration rate (dh/dv), which serves as a
measure of the total filtration resistance, vs. the cumulative fil-
trate volume v per unit effective membrane area. Plots should
show a straight line in constant pressure filtration in which the
membrane resistance is negligible compared to the cake resist-
ance on the basis of the Ruth cake filtration theory.53

The figure shows typical data obtained in step-up pressure
filtration of BSA solution prepared at the solute mass fraction
s of 0.005 and pH 5.1. The experiment was started with an ini-
tial constant pressure p1 of 20 kPa to obtain the variation of
aav over the relatively small Dpc range. Initially, the plots are
very slightly concave upward because of the variation of aav

with Dpc, and then tend to approach a linear relationship.
However, dh/dv undergoes a more rapid increase with v once v
is beyond a critical value vt,1 (5 0.65 cm). This is because the
cake surface reaches the position where the inner cross-
sectional area of the cell cylinder is reduced abruptly, as
shown in Figure 1a.3,44–46 As a consequence, the apparent

filtration rate dv/dh dramatically drops off due to a substantial

decrease in the surface area of the growing filter cake.
After the rapid increase in dh/dv is detected, the applied

pressure is instantaneously increased to the second pressure p2

of 98 kPa at the transition value vc,1 (5 0.84 cm) and is there-

after maintained constant. At the instant that the pressure

increases, dh/dv decreases extremely, and then the plots imme-

diately show a new linear relationship. However, after v
reaches a critical value vt,2 (5 1.06 cm), dh/dv begins to devi-

ate from this linearity. This intriguing behavior can be readily

explained by the decrease in the cake thickness caused by the

cake compressibility. The moment the pressure p is increased,

the cake thickness L decreases below the distance h from the

membrane surface to the position where the filtration area is

reduced, as shown in Figure 1a. As a consequence, the cake

surface area becomes equal to the membrane area again. At

this time the plots show almost a linear relationship because

the pressure drop pm across the filter medium becomes negligi-

bly small compared to the applied pressure p, influenced by

both the continuing cake growth and the increased pressure p.

Thereafter, as soon as the cake thickness becomes equal to h,

dh/dv increases abruptly. In a similar way, the applied pressure

was increased to 294 and 490 kPa sequentially with the real-

time monitoring of the filtration rate changing with time. The

results exhibit a similar tendency to the case for 98 kPa. Con-

sequently, the every time the pressure is increased in these

cases, the cake recovers the original filtration area equivalent

to the filter medium area.
The compressible cake filtration model is employed to ana-

lyze the properties of compressible filter cake in ultrafiltration

of nanocolloids.3,15–18 It is implicitly assumed in the model

that all the colloidal particles convected toward the membrane

accumulate on the surface as a filter cake because the experi-

ments are conducted in the unstirred dead-end mode.17 The

cake growth occurring with the progress of filtration brings

about the increase in the hydraulic resistance to the filtrate

flow and thus the filtration rate declines with time.

Determination of aav and eav from experimental data

On the basis of the compressible cake filtration model, the

apparent liquid velocity u relative to solutes in the cake at dis-

tance x from the membrane may be given in41,54,55

Figure 2. Relation between reciprocal filtration rate
and filtrate volume per unit effective mem-
brane area in ultrafiltration of BSA solution
with concentration of 0.005 and pH 5.1.

Figure 3. Pressure dependence of cake properties obtained in dead-end ultrafiltration of BSA solution with con-
centration of 0.005 and pH 5.1.

(a) Pressure dependence of infinite average specific cake resistance and (b) pressure dependence of average cake solidosity.
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where x is the net solute volume per unit membrane area lying
from the membrane up to an arbitrary position in the cake, l is
the viscosity of the filtrate, qs is the density of solutes, and pL

is the local hydraulic pressure. While the concept of the solute
compressive pressure ps in the cake is used in the cake filtra-
tion model adopted in this article, ps is strictly equivalent to
the osmotic pressure P in the polarized layer in the osmotic
pressure model, as demonstrated by J€onsson and J€onsson,56

Elimelech et al.,57 and Bouchoux et al.31 On the assumption
that u remains constant throughout the entire cake at any
instant in filtration of dilute colloids,58 Eq. 1 is integrated from
x 5 0 to x0 and ps 5 Dpc to 0 to give

u15
dv

dh
5

Dpc

lqsx0aav
(2)

where u1 is the filtration rate, x0 is the net solute volume of
the entire cake per unit membrane area, and aav is given as19

aav5
DpcÐ Dpc

0
1
a dps

(3)

In the cake filtration model used in unstirred dead-end filtra-
tion, it is implicitly assumed that all solutes convected toward
the membrane accumulate in the cake.3 On the basis of the
material balance, it is convenient to transform Eq. 2 from x0

to v to give40

1

u1

5
dh
dv

5
laavqs

Dpc 12msð Þ v (4)

where s is the mass fraction of solutes in colloids. In the above
equation, the ratio m of the mass of wet to mass of dry cake is
related to eav by the equation20

m511
qeav

qs 12eavð Þ (5)

where q is the density of filtrate. In Eq. 4, the pressure drop
Dpc across the filter cake is described by

Dpc5p2Dpm5p2lRmu1 (6)

With the aid of Eq. 6, Eq. 4 is rewritten as40,48,59

1

u1

5
dh
dv

5
laavqs

p 12msð Þ v1
lRm

p
(7)

where Rm is the membrane resistance. In Eqs. 6 and 7, Rm is
given by41

Rm5
p1

l
dh
dv

� �
m

(8)

where (dh/dv)m is the reciprocal filtration rate at the start of fil-
tration. Eqs. 7 and 6 combined with Eq. 8, respectively, lead to

1

u1

5
dh
dv

5
laavqs

p 12msð Þ v1
p1

p

dh
dv

� �
m

(9)

Dpc5p2
dh=dvð Þm
dh=dvð Þ p1 (10)

Consequently, the relationship between aav/(1 – ms) and Dpc

can be readily evaluated from the measurements of dh/dv vs. v
with the use of Eqs. 9 and 10.39 It is, therefore, necessary to
acquire the relation between m (i.e., eav) and Dpc to accurately

obtain the dependence of aav on Dpc. In case that the term (1 –
ms) in Eq. 9 is approximated by unity, Eq. 9 reduces to

1

u1

5
dh
dv

5
laavqs

p
v1

p1

p

dh
dv

� �
m

(11)

In this case, the dependence of aav on Dpc can be obtained

from Eqs. 10 and 11 without the information of the relation

between m (or eav) and Dpc.
The dependence of m (or eav) on Dpc can be evaluated by

using the value of vt obtained at each pressure. As the total

mass of colloid filtered is placed equal to the sum of the mass

of wet cake and the mass of filtrate in unstirred dead-end filtra-

tion, an overall mass balance may be written as

qsh 12eavð Þ
s

5 qsh 12eavð Þ1qheavf g1qvt (12)

Solving for eav results in3

eav5
qsh 12sð Þ2qsvt

qsh 12sð Þ1qsh
(13)

Having vt vs. Dpc data, one can derive the relationship

between eav and Dpc from the above equation. As a result, the

dependence of aav on Dpc can be obtained from Eqs. 9 and 10

as described in the next section since eav (or m) vs. Dpc is

known.

Dependence of aav and eav on Dpc

In the particulate filter cake exhibiting compressible behav-

iors, both the average specific cake resistance aav and average

cake porosity eav are largely affected by the pressure drop Dpc

across the filter cake.43–45 It becomes quite important to exam-

ine the cake compressibility also in dead-end ultrafiltration of

nanocolloids.3,4,15,46

There exist several empirical expressions to relate aav and

eav to Dpc. Over the relatively high Dpc range, aav and the

average cake solidosity (1 – eav) representing the volume frac-

tion of solids in the filter cake are expressed by unique power

functions of Dpc as20,60

aav5a1Dpc
n1 (14)

12eav5 12e1ð ÞDpc
b1 (15)

where a1, n1, e1, and b1 are the empirical constants. However,

Eqs. 14 and 15 are not applicable to the relatively low Dpc

region. In the previous paper,48 it was found that the following

empirical equations with three fitting parameters for each

property can be utilized to fit experimental data over a wide

range of Dpc

aav5a2 11
Dpc

pa

� �n2

(16)

12eav5 12e2ð Þ 11
Dpc

pa

� �b2

(17)

where a2, pa, n2, e2, and b2 are empirical constants. Of particu-

lar note is that the same parameter pa in both Eqs. 16 and 17 is

used to describe behaviors in the relatively low Dpc range, as

is the case in equations presented by Tiller and Lue.61

The quantity aav,i is defined by
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aav;i5
aav

12ms
(18)

In the infinitely diluted colloid (s 5 0), aav,i is identical to aav.

Thus, aav,i is named as the infinite average specific cake resist-

ance.62,63 Substituting Eq. 18 into Eq. 9 yields

1

u1

5
dh
dv

5
laav;iqs

p
v1

p1

p

dh
dv

� �
m

(19)

The specific resistance aav,i can be approximately represented

by the empirical power law equation, which is similar to Eq.

16, in the form

aav;i5a3 11
Dpc

pa1

� �n3

(20)

where a3, pa1, and n3 are empirical constants.
In Figure 3, aav,i and (1 – eav) are logarithmically plotted

against Dpc, based on the data shown in Figure 2. It should be

emphasized that the data of aav,i vs. Dpc are satisfactory also in

the low pressures ranging from 5 to 20 kPa. The solid curve rep-

resenting aav,i vs. Dpc is obtained from the curve fitting based on

Eq. 20. It is, however, difficult to accurately determine the value

of the fitting parameter pa in Eq. 17 only from the plot of (1 –

eav) vs. Dpc since there is insufficient porosity data in the low

pressure region available. Assuming that pa in Eq. 17 is equal to

pa1 in Eq. 20, it is possible to obtain the fitting curve for the data

of (1 – eav) vs. Dpc, as shown in Figure 3b. Neither fitting curves

representing the dependence of aav,i and (1 – eav) on Dpc are lin-

ear and are concave upward especially in the low Dpc region.
In Figure 4, a flow diagram of the algorithm is illustrated

for obtaining the data of aav vs. Dpc with the aid of (1 – eav)

vs. Dpc data and for determining the fitting adjustable parame-

ters in Eqs. 16 and 17 from the experimental data. First of all,

aav,i vs. Dpc data are collected from the plots of dh/dv vs. v
based on Eqs. 10 and 19, and the parameters in Eq. 20 are

determined due to the data fitting. The values of a3, pa1, and n3

thus obtained are set as the initial values of a2, pa, and n2 in

Eq. 16 relating aav to Dpc, respectively. Then, the parameters,

e2 and b2, in Eq. 17 are determined to fit the data of (1 – eav)

vs. Dpc, using the value of pa previously obtained. The data of

aav vs. Dpc are revised based on Eq. 9 in which the information

on m (or eav) is necessary, and then the new values of a2, pa,

and n2 are evaluated. Such an iterative calculation is repeated

until the datum of aav corresponding to each Dpc coincides
within the range of prescribed accuracy before and after the
calculation of one loop shown in the figure.

The open circles in Figure 5 show the plot of aav vs. Dpc

determined based on the data in Figure 2, along with the plot
of (1 – eav) vs. Dpc shown in Figure 3. Comparison of Figure 5
with Figure 3 demonstrates that the difference between aav

and aav,i at each Dpc is small since the BSA concentration s in
the solution is quite low. The solid curves fitted to aav and (1 –
eav) vs. Dpc data represent the calculations obtained based on
Eqs. 16 and 17, respectively. Both curves can be approximated
by the straight lines in accordance with Eqs. 14 and 15 in the

Figure 4. Flow diagram of model algorithm used in cal-
culating fitting parameters in Eqs. 16 and 17
from experimental data.

Figure 5. Pressure dependence of cake properties obtained in dead-end ultrafiltration of BSA solution with con-
centration of 0.005 and pH 5.1.

(a) Pressure dependence of average specific cake resistance and (b) pressure dependence of average cake solidosity.
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pressure range of more than ca. 20 kPa. To examine the devia-

tions in the experimental data obtained by this method, Figure
5 includes the experimental data (plotted as open triangles and

squares) obtained from the other two runs carried out under

the same operating conditions as the open circles. The results
clearly show that the test is a highly reproducible. What

remains to be seen is to acquire the cake porosity data in lower

Dpc range to confirm the plausibility of the solid curve fitted to
the data of (1 – eav) vs. Dpc. The filled circles in the figure are

the data obtained from several constant pressure filtration

experiments conducted under pressure conditions ranging
from 49 to as high as 490 kPa. The constant pressure filtration

data are in fair agreement with the data obtained by this

method, clearly indicating that the cake is readily compressed
to the state corresponding to the increased pressure in response

to the pressure jump in step-up pressure filtration. However, it

should be emphasized that only one data point is determined
from one experiment in constant pressure filtration. Therefore,

several constant pressure filtration experiments are necessary

to depict the curves of aav and (1 – eav) vs. Dpc.

Dependence of aav and eav on pH and salt concentration

It is well known that the solution environment of pH

and ionic strength frequently makes a profound impact on

dead-end filtration behaviors of nanocolloids.3,16,46 The effect
of solution pH on the BSA cake properties is illustrated in Fig-
ure 6. The values of aav are similar irrespective of pH in the
relatively low-pressure range below approximately 10kPa.

However, as Dpc is increased, the curves for aav at pH 3.5 and
7.0 where BSA molecules have electronic charges lie below
the curve for pH 5.1 around the isoelectric point of BSA. But,
the behaviors of dependence of eav on pH show a very dissimi-
lar trend. The values of (1 – eav) are very similar irrespective
of pH in the relatively high-pressure range above ca. 300 kPa.

However, as Dpc is decreased, the curves for (1 – eav) at pH
3.5 and 7.0 lie below the curve for pH 5.1. Considering that in
general a loose filter cake with a high porosity has a low spe-
cific cake resistance, the results of Figure 6 seemingly look
strange. A possible explanation for our experimental data is as

follows. The electrostatic repulsion force between charged
BSA molecules becomes more remarkable at pH 3.5 and 7.0
than at pH 5.1 because BSA molecules have positive charges
at pH 3.5 and negative charges at pH 7.0. As a result, the cake
porosity eav becomes higher at pH 3.5 and 7.0, largely influ-
enced by the electrostatic repulsion force in the low Dpc

region. However, the specific cake resistance aav at pH 3.5 and
7.0 is comparable with that at pH 5.1. This is because aav at
the same porosity becomes higher for charged molecules in

Figure 6. Effect of solution pH on cake properties obtained in dead-end ultrafiltration of BSA solution with concen-
tration of 0.005.

(a) Pressure dependence of average specific cake resistance and (b) pressure dependence of average cake solidosity.

Figure 7. Effect of salt concentration on cake properties obtained in dead-end ultrafiltration of BSA solution with
concentration of 0.005.

(a) Pressure dependence of average specific cake resistance and (b) pressure dependence of average cake solidosity.
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the relatively high porosity range, influenced by intramolecular

charges, as verified by the ultracentrifugal sedimentation data

of BSA solution.16,64 In contrast, as Dpc is increased, eav at pH

3.5 and 7.0 becomes comparable with that at pH 5.1, largely

influenced by the solute compressive force overcoming the

electrostatic repulsion force. In this case, aav at pH 5.1 becomes

higher than that at pH 3.5 and 7.0. This result suggests that the

molecular size becomes smaller at pH 5.1, leading to the

increase in the specific surface area of molecules. Further exam-

ination is needed to support this hypothesis and to elucidate this

complex dependence of aav and eav on the solution pH.
The existence of salt in the solution strongly affects the

charge of macromolecules and reduces the electrical repulsion

between charged macromolecules due to a less extensive diffuse

double layer as discussed elsewhere.3 The pressure dependence

of the cake properties for different NaCl concentrations is illus-

trated in Figure 7. As the NaCl concentration Cs is increased, the

plots of aav and (1 – eav) vs. Dpc at pH 3.5 approach those around

the isoelectric point where the electrical charges are absent. This

result is brought about by the charge-shielding between BSA

molecules caused by the existence of salts.

Cake properties of various nanocolloids

The pressure dependence of both aav and eav over a wide

pressure range can be simultaneously evaluated from only one

experiment by conducting the step-up pressure filtration, using

a filter with a single-stage reduction in the filtration area devel-

oped in this research. Thus, it is possible to determine the cake

properties for a variety of test colloids much more easily than

ever before. Figure 8 illustrates the dependence of aav and (1 –

eav) on Dpc for filter cakes formed in dead-end ultrafiltration of

several protein solutions, where the values of the solution pH

tested are noted in brackets. The solid curves are the calcula-

tions fitted to the experimental data by using Eqs. 16 and 17.

In the low Dpc region where the solute compressive pressure is

insignificant, aav generally increases with decreasing molecu-

lar weight of proteins. While both aav and (1 – eav) increases

with the increase in Dpc, the changes exhibit the complex

behaviors probably depending on the charge and deformability

of proteins.
Figure 9 shows the pressure dependence of aav and (1 – eav)

for nanocolloids of silica sol with the mean specific surface

area sizes ds ranging from 4.8 to 99.7 nm. Both aav and eav

increase with decreasing particle size. Therefore, although the

decrease in the particle size leads to low filterability, the struc-

ture of the cake formed becomes loose and wet.

Effect of solution concentration on filtration behaviors

When the solution is dilute, the filtration rate in dead-end

filtration can be well evaluated from Eqs. 10 and 11 using the

Figure 8. Cake properties obtained in dead-end ultrafiltration of several protein solutions.

(a) Pressure dependence of average specific cake resistance and (b) pressure dependence of average cake solidosity.

Figure 9. Cake properties obtained in dead-end ultrafiltration of nanosilica sol.

(a) Pressure dependence of average specific cake resistance and (b) pressure dependence of average cake solidosity.

AIChE Journal December 2015 Vol. 61, No. 12 Published on behalf of the AIChE DOI 10.1002/aic 4433



relation between aav and Dpc without information about the

relation between (1 – eav) and Dpc. However, as the solution
concentration becomes high, the difference between aav and
aav,i becomes measurable and Eqs. 9 and 10 have to be
employed to evaluate the temporal flux decline behaviors in
dead-end filtration with the aid of the relation between (1 –
eav) and Dpc. In Figure 10, the plots of dh/dv vs. v are illus-

trated for constant pressure dead-end filtration conducted at
different pressures of 49 and 490 kPa using nanosilica sol with
the relatively high solution concentration (s 5 0.05) compared
with the concentration (s 5 0.01) of the solution tested in Fig-
ure 9. Both plots show linear relationships with different

slopes in accordance with Eq. 7 since aav and eav (i.e., m)
remain unchanged over the entire period of filtration under
constant pressure conditions. The dotted lines are the predic-
tions obtained from Eqs. 10 and 19 with the data of aav,i vs.

Dpc obtained using nanosilica sol with the concentration s of

0.01. The solid lines are the calculations obtained from Eqs. 9

and 10 with the data of aav and (1 – eav) vs. Dpc shown in Fig-

ure 9 obtained using nanosilica sol with s of 0.01. The calcula-

tions based on Eqs. 10 and 19 seriously overestimate the

filtration rate in constant pressure dead-end filtration particu-

larly in the low pressure range. Therefore, it is essential to rig-

orously take the cake porosity into account in accurate

evaluation of the flux decline behaviors in dead-end filtration

of relatively thick colloids.
Figure 11 shows dh/dv vs. v and dv/dh vs. h relations in con-

stant pressure dead-end filtration of nanosilica sol with con-

centrations s ranging from 0.03 to 0.10 and applied pressures p
ranging from 49 to 490 kPa. The solid lines are the calcula-

tions obtained from Eqs. 9 and 10 by using the data shown in

Figure 9 and are in excellent agreement with the experimental

data over the entire concentration and pressure range. It should

be emphasized that the flux decline behaviors under a wide

variety of concentration and pressure conditions can be eval-

uated from the data acquired by conducting only one filtration

experiment developed in this research.

Conclusion

Making use of the filtration behavior under each constant

pressure condition and the decrease in the cake thickness

caused by the pressure rise, the pressure dependences of not

only the average specific cake resistance but also the average

cake porosity of highly compressible filter cake were eval-

uated using only one run of the step-up pressure dead-end fil-

tration test by using a filer with a single-stage reduction in the

filtration area. The method was applied to the determination of

cake properties of a variety of nanocolloids, and its relevance

was substantiated through the comparison with cake properties

obtained from several constant pressure filtration tests carried

out under various pressures. It was found that constant pres-

sure filtration data obtained under various pressures and con-

centrations can be well evaluated based on the pressure

dependences of the average specific cake resistance and

Figure 10. Relation between reciprocal filtration rate
and filtrate volume per unit effective mem-
brane area in constant pressure dead-end
ultrafiltration of nanosilica sol with concen-
tration of 0.05.

Figure 11. Evaluation of flux decline behaviors in constant pressure dead-end ultrafiltration of nanosilica sol con-
ducted under a variety of solution concentration and applied filtration pressure conditions.

(a) Relation between reciprocal filtration rate and filtrate volume per unit effective membrane area and (b) relation between fil-

tration rate and filtration time.
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average cake porosity obtained from this method. We believe
that the method developed in this research may be readily
applicable also in the determination of properties of compress-
ible filter cake formed in cake filtration of particulate
suspension.
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Notation

Cs = NaCl concentration in solution, mol/m3

ds = mean specific surface area size of nanoparticles, m
(dh/dv)m = reciprocal filtration rate at start of filtration, s/m

h = distance from membrane surface to position where filtration
area is reduced, m

L = cake thickness, m
m = ratio of mass of wet to mass of dry cake
n1 = empirical constant in Eq. 14
n2 = empirical constant in Eq. 16
n3 = empirical constant in Eq. 20
p = applied filtration pressure, Pa

pa = empirical constant in Eqs. 16 and 17, Pa
pa1 = empirical constant in Eq. 20, Pa
pi = applied filtration pressure at the i-th stage in step-up pres-

sure filtration, Pa
pL = local hydraulic pressure, Pa
ps = local solute compressive pressure, Pa

Rm = membrane resistance, m21

s = mass fraction of solutes in colloid
u = apparent liquid velocity relative to solids in cake at distance

x from membrane, m/s
u1 = filtration rate, m/s
v = cumulative filtrate volume per unit effective membrane area,

m
vc = cumulative filtrate volume per unit effective membrane area

at transition point when applied filtration pressure is
increased stepwise, m

vc,i = cumulative filtrate volume per unit effective membrane area
at transition point when applied filtration pressure is
increased to pi11 stepwise, m

vt = cumulative filtrate volume per unit effective membrane area
collected until filter cake surface reaches reduced surface, m

vt,i = cumulative filtrate volume per unit effective membrane area
collected until filter cake surface reaches reduced surface
for the i-th time, m

Greek letters

a = local specific cake resistance, m/kg
aav = average specific cake resistance, m/kg
aav,i = infinite average specific cake resistance defined by Eq. 18,

m/kg
a1 = empirical constant in Eq. 14, kg2n121 m11n1 s2n1

a2 = empirical constant in Eq. 16, m/kg
a3 = empirical constant in Eq. 20, m/kg
b1 = empirical constant in Eq. 15
b2 = empirical constant in Eq. 17
Dpc = pressure drop across filter cake, Pa
Dpm = pressure drop across membrane, Pa

e = local porosity
eav = average porosity of filter cake
e1 = empirical constant in Eq. 15
e2 = empirical constant in Eq. 17
h = filtration time, s

hi = filtration time at end of the i-th stage in step-up pressure fil-
tration, s

l = viscosity of filtrate, Pa s

P = osmotic pressure, Pa
q = density of filtrate, kg/m3

qs = density of solutes, kg/m3

x = net solute volume per unit membrane area lying from mem-
brane up to an arbitrary position in filter cake, m

x0 = net solute volume of entire filter cake per unit membrane
area, m
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